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Abstract : In this earliest study of thick accretion disks with viscosity effects, we construct
stationary solutions of a relativistic geometrically thick accretion disk in the Schwarzschild
spacetime under the influence of shear viscosity and the curvature of the black hole by solving
the general relativistic causal Navier-Stokes equation. Motivated by the causal prescription
of relativistic hydrodynamics initially introduced in Mu¨ller-Israel-Stewart theories, our ap-
proach adopts a simplistic path and takes into account of only shear viscosity, discarding
influences of bulk viscosity and heat flow. This work investigates possible impacts of both
the shear viscosity tensor and black hole curvature on the shape of a thick disk characterized
by constant specific angular momentum distribution. The existence of the integrability con-
dition of the Navier-Stokes equation has been examined in our study which further supports
the existence of stationary solutions in the given set-up.
I. INTRODUCTION
Till date, the process of matter accretion attributed by transport of astrophysical fluids towards
black holes is considered as one of the primary sources of energy release in the universe produced
as a result of conversion of the gravitational energy of the in-falling accreting fluid into radiation.
Accretion disks are presumed to exist in various astrophysical environments like active galactic
nuclei, quasars, ADAFs, X-ray binaries and gamma-ray bursts [1, 2] . The study of an accretion
disk can be broadly divided into two categories : study of equilibrium stationary solutions in a
given black hole background and investigation of time dependent processes which involve the dy-
namics of in-falling matter within the black hole and hence the accretion process. Various models
of accretion disks have been developed over past years, for example, geometrically thick disks or
Polish doughnuts [3], thin disks [4], slim disks [5] for acquiring comprehensive knowledge about
the black hole accretion process as well as related physical processes occurring within a disk in
a given background geometry. In order to determine various properties of accretion, a primarily
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2requirement is the specification of the matter content of the disk which in the simplest case in-
volves the disk being filled with ideal fluid. More general scenarios correspond to consideration of
electric field [6] in the ideal fluid, possible interplay of magnetic fields [7, 8], viscous and turbulent
processes and radiation processes. The study of an accretion disk also involves adoption of differ-
ent approaches namely the test particle approach, the kinetic description for describing magnetic
plasma, α-viscosity prescription, all depending on particular regimes and time scales under con-
sideration. Among various disk models proposed so far, the relativistic geometrically thick disk
modeled by an ideal fluid, with negligible self gravity, is one of the simplest analytically studied
stationary equilibrium model of in a black hole background[3]. In the traditional approach, any
role of dissipative processes are ignored.
In the present work, we aim to construct stationary solutions of geometrically thick accretion
disk described by constant angular momentum distribution in presence of viscosity around a
Schwarschild black hole. The self gravity of the disk is neglected throughout the study. As-
suming that a single species of particle exists in the fluid, the disk is modeled with a non-ideal
fluid involving shear viscosity. All hydrodynamical equations are expressed in the Eckart frame,
a common choice of frame in astrophysical contexts. We have deliberately imposed minimalistic
modifications due to viscous effects and introduced the shear viscosity as perturbation to the ideal
fluid configuration. The condition of stationarity is therefore not violated in presence of viscosity,
as a result, the fluid is assumed to rotate in circular orbits. The bulk viscosity and the heat flow
within the non-ideal fluid are neglected for simplicity. The primary aim of this work is to study the
role of shear viscosity in governing the shape of thick disks. Moreover, the novelty of our approach
is that the general form of shear viscosity tensor is endowed with curvature of the central black
hole, as a result, the shape of a relativistic thick disk will also be governed by the curvature and
hence will be different for various black hole geometries. So the propereties of the thick disk will
be straight-way influenced by the curvature of the particular black hole geometry in which the disk
resides.
It is already known that the relativistic angular momentum conservation equation of non-ideal
fluids, i,e. the Navier-Stokes equation does not preserve causality. This problem is circumvented
with the help of the formulation developed by Mu¨ller and corresponding relativistic extension by
Israel-Stewart [12, 13], known as causal relativistic hydrodynamics. It is a phenomenological ap-
proach that introduces additional transport coefficients and resulting conservation laws are stable.
In the present work, we will consider causal theory of relativistic hydrodynamics by taking into
account of curvature, first formulated in the context of relativistic heavy ion collision [9, 14]. Very
3recently, the the causal theory of relativistic viscous hydrodynamics is extended in the Eckart frame
using gradient expansion scheme [15] in which general forms of dissipative flux quantities have been
constructed upto second order in gradients of hydrodynamical variables such that, as one of the
second order gradient terms, the curvature terms appear in each of these quantities.
There are several advantages of our approach we adopt here. First, the curvature of black hole
has a direct impact on its shape thereby facilitating the investigation for searching effects of vis-
cosity as well as curvature on a geometrically thick disk. Thus our work gives an opportunity to
compare our results with the ideal fluid scenarios. Second, viscous effects on a thick disk are not
independent of the central black hole but varies according to black hole geometry in which the disk
is located. Third, as the curvature explicitly enters in the equations of motion, a probe for strong
gravity effects on the thick accretion might also be possible.
Although the set-up examined here does not provide the complete picture of viscous effects play-
ing within a disk since we avoided turbulence, magnetic fields, effects of heat flow, contributions
arising due to non-linear terms of shear tensor, expansion scalar, vorticity and alike, nevertheless,
our work can be conceived as a toy model which would help us visualize quantitative influences of
shear viscosity (in its linear order) on the shape of the thick disk in presence of a constant specific
angular momentum distribution of the disk.
The work is categorized as follows. In section II, we briefly discuss the construction of the general
form of viscosity tensor that gives rise to causal Navier-Stokes equation in the Eckart frame. In
section III, we constructed stationary thick disk by solving general relativistic causal Navier-Stokes
equation under the influence of spacetime curvature and constant angular momentum distribution.
The validity of the integrability condition of the causal Navier-Stokes equation is also examined.
Finally a conclusion and possible outlooks are presented in section-IV.
II. DESCRIPTION OF GEOMETRICALLY THICK DISK IN PRESENCE OF
CURVATURE AND SHEAR VISCOSITY : SET-UP
Before plunging ourselves into in-depth discussions about non-ideal fluids for describing viscous
effects arising within relativistic thick disks, let us briefly recall relevant aspects of stationary,
relativistic thick disk in presence of ideal fluid [3, 5] obeying a barotropic equation of state to
enable self-consistency of our work. It is assumed there exists a single species of conserved charge
4so that the particle four-current and the energy momentum tensor of the ideal fluid are given by,
Nµideal = nu
µ, Tµνideal = e u
µuν + p4µν (1)
where e, p, n are respectively the total energy density, fluid pressure and number density of particles.
The projection tensor is defined as 4µν = gµν + uµuν such that uµ4µν = 0 and the normalization
condition is given by uαuα = −1. If the covariant derivative is decomposed as ∇µ = −uµD +Dµ⊥
where the longitudinal and transverse parts are respectively D = uα∇α and Dµ⊥ = 4µν∇ν , using
(1), the conservation laws corresponding to mass, energy and momentum can be expressed as
follows,
Dn+ n∇.u = 0 (continuity equation), (2)
De+ (e+ p)∇.u = 0, (3)
Duµ = − 1
(e+ p)
Dµ⊥p (Euler equation) (4)
where the four-acceleration of the fluid is defined to be aµ = Duµ. The stationary relativistic
thick disks (tori) supported by ideal fluid in equilibrium obeying a barotropic equation of state and
describing circular orbits around the Schwarzschild black hole can be characterized by its angular
velocity Ω(r, θ) and by a specific angular momentum distribution l(r, θ). Then the dynamics of
the fluid flow is governed by the momentum conservation equation which can be expressed in the
integral form as follows,
W (r, θ)−Win(r, θ) = −
∫ p
0
dp
e+ p
= ln |ut| − ln |ut|in −
∫ l
lin
Ωdl
1− Ωl (5)
where ”in” corresponds to the inner edge of the disc in the equatorial plane and W (r, θ) is the
total potential in the Newtonian limit consisting of gravitational and centrifugal potentials [19].
At infinity, W (r, θ) = 0. The integration constant is set as Win = ln(ut)in. Since we are interested
in stationary solutions with constant angular momentum distribution in the equatorial plane, the
quantity W (r, θ) in the Schwarzschild geometry from the above equation reduces to,
W(Sch)(r, θ) = ln(−ut)(Sch) =
1
2
ln
r2(r − 2M) sin2 θ
r3 sin2 θ − (r − 2M)l2(r, θ) (6)
It is known that the Schwarschild spacetime permits two killing vectors ηµ = (1, 0, 0, 0) and ξµ =
(0, 0, 0, 1) leading to gµν ,t = gµν ,φ = 0 which imply the fluid pressure and the energy density
5are functions of r, θ only and the functional dependences remain valid even in non-ideal fluids.
In case of an ideal fuild, the existence of an integrability condition is deduced from the integral
form of Euler equation by satisfying the compatibility condition ∂θ∂rp = ∂r∂θp [2] for a given
specific angular momentum distribution and the barotropic equation of state p = p(e). Then the
integrability condition helps defining the equipotential surfaces W (r, θ) which in turn governs the
shape of stationary relativistic thick disks.
The scenario changes if viscous effects are assumed to be non-vanishing with the disk. The most
general form of energy momentum tensor and the particle current of a non-ideal fluid in the Eckart
frame are given by,
Nµ = nuµ, Tµν = euµuν + (p+ Π)4µν + qµuν + qνuµ + piµν (7)
For simplicity, in the present work, the heat flow qβ and the bulk viscosity Π are neglected so that
the Navier-Stokes equation becomes,
(e+ p)aµ +4µρ∇ρp+ piµρaρ +4µβ4στ∇τpiβσ = 0 (8)
where the shear viscosity tensor (traceless part) is given by,
piµν = −2ησµν = −2η
(Dµ⊥uν +Dν⊥uµ
2
− 1
3
4µν∇.u
)
(9)
Here η ≥ 0 is the shear viscosity coefficients. In the stationary axisymmetric spacetime
(Schwarzchild and Kerr) η is in principle a function of r and θ co-ordinates. Moveover for cir-
cular orbits the expansion scalar vanishes i,e. ∇.u = 0. The relativistic Navier-Stokes equation
violate causality due to their parabolic nature allowing superluminal velocity of propagating sig-
nals [9], [10] and the associated equilibrium states are plagued with instabilities [11]. Mu¨ller, later
Israel-Stewart(IS) introduced the relativistic version and rectified the causality violating nature of
conservation equations of relativistic non-ideal fluids [12, 13] by considering second order gradients
(we note that shear viscosity tensor (9) is defined in terms of first order derivatives/gradients in the
original formulation by Eckart, this is also true for bulk viscosity where Π = −ζ∇.u) as a result
Π and piµν contain additional coefficients arising due to inclusion of second order of gradients.
This formulation resulted into hyperbolic equations of motion and causality was thus preserved.
However the Navier-Stokes equation, being an effective equation can also contain curvature terms
in curved spacetime because it is known that Riemann curvature arises due to non-commutivitive
6property of covariant derivatives as Rλµαβ uλ = ∇α∇β uµ −∇β∇αuµ. Thus it is legitimate to con-
sider curvaure terms at the second order gradients in the IS formalism although they were missed
out in the original formulation. Since we have neglected all effects of bulk viscosity and heat flow,
we enlist possible terms involving curvature in the shear viscosity tensor,
b1R4µν , b2σγ<ασβ>, κ1R<αβ>, κ2uαuβRα<ρσ>β (10)
where angular brackets in (10) signify traceless symmetric combinations. For more discussions
about the formulation in the Eckart frame, we refer [15]. Additionally, terms due to couplings
between curvature and shear viscosity might also be present but they are discarded as they are
third order in gradients. Out of all the terms in (10), the only non-vanishing term in Schwarzschild
spacetime involving curvature is uαuβR
α<ρσ>β.
The goal of this work is to explore effects of the shear viscosity tensor and eventually the influence
of spacetime curvature on the structure of geometrically thick disk in the Schwarzchild black hole
under the given condition where the shear viscosity is introduced in the form of perturbation to the
ideal fluid configuration. For simplicity in the present study we consider the shear viscosity tensor
is built out of curvature terms and the causality preserving term i,e. 2τ<2 Dησ
αβ >. All non-linear
terms involving shear tensor, vorticity, expansion scalar, etc are neglected. also the each of the
coefficients are assumed to be constant quantities in the present work which in a more genelized
framework may in principle be functions of pressure. Then the form of shear viscosity tensor is
considered as,
piµν =
[
−2ησµν − τ<2 D(−2ησµν)> + κ2uαuβRα<µν>β
]
(11)
This suffices our motivation for investigating viscous and strong gravity effects on stationary solu-
tions of relativistic thick disk by considering the causality preserving term and curvature terms.
7III. THICK DISK SOLUTIONS WITH CONSTANT SPECIFIC ANGULAR
MOMENTUM
A. Analytical results
Let us consider the Schwarzchild black hole described by the following metric,
ds2 = −
(
1− 2M
r
)
dt2 +
(
1− 2M
r
)−1
dr2 + r2dθ2 + r2 sin2 θdφ2 (12)
where the geometrical units G = c = 1 is used throughout the paper. We are interested in studying
stationary solutions of relativistic thick disk with constant specific angular momentum distribution.
We propose for simplicity that the shear viscosity only brings about perturbative corrections to
the fluid pressure and does not give rise to radial velocity and other velocity perturbations as a
result the fluid takes circular orbits around the central black hole. Then the four velocity of the
fluid within the viscous disk has the following form,
uµ = (ut, 0, 0, uφ) (13)
where ut and uφ are functions of r and θ only. Moreover, the heat flow is also assumed to be
small compared to leading order pressure pertutrbations and hence is neglected in the current
work. Restricting ourselves up to the first order in perturbation, the fluid pressure and the energy
density are expanded in the following way where p(0) and e(0) are the fluid pressure and the energy
density of the ideal fluid whereas p(1) and e(1) are the respective perturbations arising due to
viscosity.
e(r, θ) = e(0)(r, θ) + λe(1)(r, θ)
p(r, θ) = p(0)(r, θ) + λp(1)(r, θ) (14)
where λ is the perturbation parameter. In the above series expansions, e(1) << e(0) and p(1) << p(0)
so that the second and higher order perturbations in the energy density and pressure are small
compared to zeroth order and first order terms and hence are discarded. It is assumed here that the
internal energy density is very small and the total energy is approximately equal to the rest-mass
8density i,e. e ≈ ρ. The normalization condition uαuα = −1 leads to,
−
(
1− 2M
r
)
(ut)2 + r2 sin2 θ(uφ)2 = −1 (15)
from which the temporal component of the fluid velocity is expressed as,
ut(r, θ) =
√
1 + r2 sin2 θ(uφ)2(
1− 2Mr
) (16)
The angular velocity Ω(r, θ) and the specific angular momentum l(r, θ) are related as,
Ω(r, θ) =
uφ(r, θ)
ut(r, θ)
, l = −uφ(r, θ)
ut(r, θ)
, Ω(r, θ) =
(
1− 2Mr
)
r2 sin2 θ
l(r, θ) (17)
Substituting (16) in Ω(r, θ) the azimuthal velocity uφ can be easily expressed as follows,
uφ(r, θ) =
Ω(r, θ)√
(1− 2Mr )− Ω2r2 sin2 θ
=
(r − 2M)1/2 l(r, θ)
r sin2 θ (r3 + s2(2M − r) csc2 θ)1/2
(18)
The general relativistic causal form of Navier-Stokes equation is,
(e+ p)aµ +4µρ∇ρ p+ piµαaα +4µγ4κτ∇τpiγκ = 0 (19)
where the four acceleration is aµ = uρ∇ρuµ and the form of shear viscosity tensor is taken to be,
piµν = −2ησµν + 2τ<2 Dησµν > + κ2uαuβRα<µν>β (20)
with following definitions,
σµν = 4µα4νβ
(∇αuβ +∇βuα
2
)
− 1
3
4µν4αβ∇αuβ
<Dσµν > = 4µα4νβ
(
Dσαβ +Dσβα
2
)
− 1
3
4µν4αβDσαβ
Rα<µν>β = 4µρ4νσ
(
Rαρσγg
βγ +Rασργg
βγ
2
)
− 1
3
4µν4ρσRαρσγgβγ (21)
Due to symmetry of the spacetime we have Dη = uα∇αη = 0 which implies <D(ησµν)> =
η<Dσµν >. The constant specific angular momentum distribution l(r, θ) at the equatorial plane is
described by l(r, θ) = s where s is a constant parameter. The first two terms of the momentum
9conservation equation (19) correspond to the ideal fluid and (19) reduces to the Euler equation
when each of the coefficients individually vanish i,e. η = κ2 = τ2 = 0 implying p(1) = e(1) = 0. The
contributions of third and forth terms of (19) together with (20) are,
piµγaγ =
[
−2ησµγ + 2τ2η<Dσµγ > + κ2uαuβRα<µγ>β
]
aγ
and 4µγ4κτ∇τpiγκ = 4µγ4κτ∇τ
[
−2ησγκ + 2τ2η<Dσγκ > + κ2uαuβRα<γκ>β
]
for constant coefficients and constant value of specific angular momentum l(r, θ) = s. Let us now
consider the term piµγaγ for µ = t, r, θ, φ respectively.
For µ = t, pitνaν =
[−2ησtν − τ<2 D(−2ησtν)> + κ2uαuβRα<tν>β] aν
− 2ησtνaν =
2ηs2r
[
Mr(r − 3M) sin4 θ − s2(1− 2M/r)2(r − 3M sin2 θ)]
sin θ
√
r − 2M (r3 sin2 θ + s2(2M − r))5/2 ,
<D(−2ησtν)>aν = 0, uαuβRα<tν>βaν = 0
µ = r : pirνaν =
[−2ησrν − τ<2 D(−2ησrν)> + κ2uαuβRα<rν>β] aν
σrνaν = 0,
τ<2 D(−2ησrν)>aν = τ2η
4s2(r − 3M) [Mr(r − 3M) sin4 θ − s2(1− 2M/r)2(r − 3M sin2 θ](
r3 sin2 θ + s2(2M − r))3 ,
κ2uαuβR
α<rν>βaν =
κ2M
2r5 sin2 θ
(
r3 sin2 θ + s2(2M − r))3 [s2(r − 2M)2 sin2 θ {s2 (8M2s2
− r3(r − 3M)(1− 2 sin2 θ))− 2r6(M + 2) sin4 θ
− rs2(r3 + 3Mr2 + 2rs2 − 8Ms2)}− 4Mr8]
µ = θ : piθνaν =
[−2ησθν − τ<2 D(−2ησθν)> + κ2uαuβRα<θν>β] aν
σθνaν = 0,
τ<2 D(−2ησθν)>aν = τ2η
4s2 cot θ
[
Mr(r − 3M) sin4 θ − s2(1− 2M/r)2(r − 3M sin2 θ)](
r3 sin2 θ + s2(2M − r))3 ,
κ2uαuβR
α<θν>βaν = κ2
Ms2 cot θ(1− 2M/r) [2(1− 2M/r)− r2 sin2 θ]
r3
(
r3 sin2 θ + s2(2M − r))2
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µ = φ : piφνaν =
[−2ησφν − τ<2 D(−2ησφν)> + κ2uαuβRα<φν>β] aν
− 2ησφνaν =
2ηsr
[
Mr(r − 3M) sin4 θ − s2(1− 2M/r)2(r − 3M sin2 θ)]
sin θ
√
r − 2M (r3 sin2 θ + s2(2M − r))5/2 = 1s (−2ησtνaν),
<D(−2ησφν)>aν = 0, uαuβRα<φν>βaν = 0
Thus for circular orbits of fluid flow the non-zero contributions of piµγaγ for µ = t, r, θ, φ are
obtained to be,
pitνaν = −2ησtνaν
pirνaν = τ
<
2 D(−2ησrν)>aν + κ2uαuβRα<rν>βaν
piθνaν = τ
<
2 D(−2ησθν)>aν + κ2uαuβRα<θν>βaν
piφνaν = −2ησφνaν = 1
s
(−2ησtνaν) (22)
Let us now consider diferent components of the forth term in (19).
µ = t : 4tγ4κτ∇τ
[
−2ησγκ − τ<2 D(−2ησγκ)> + κ2uαuβRα<γκ>β
]
= 0 (23)
µ = φ : 4φγ4κτ∇τ
[
−2ησγκ − τ<2 D(−2ησγκ)> + κ2uαuβRα<γκ>β
]
= 0 (24)
µ = r : 4rγ4κτ∇τ (−2ησγκ) = 0
4rγ4κτ∇τ (−τ<2 D(−2ησγκ)>) = −τ2η
4s2 sin2 θ(1− 2M/r)(r − 3M) (2r3 +Ms2 − 9Mr2 sin2 θ)(
r3 sin2 θ + s2(2M − r))3
4rγ4κτ∇τ [κ2uαuβRα<γκ>β] = −κ2
3Ms2 sin2 θ(1− 2M/r)(r − 3M)
r
(
r3 sin2 θ + s2(2M − r))2
µ = θ : 4θγ4κτ∇τ (−2ησγκ) = 0
4θγ4κτ∇τ (−τ<2 D(−2ησγκ)>) = τ2η
4 sin2 θ(2M − r)s2 cot θ (2r4 − 3Mr3 sin2 θ − 5Mrs2 + 12M2s2)
r2
(
r3 sin2 θ + s2(2M − r))3
4θγ4κτ∇τ [κ2uαuβRα<γκ>β] = κ2
3 sin2 θ(1− 2M/r)s2 cot θ
r
(
r3 sin2 θ + s2(2M − r))2
11
From above given computations, it is found that −2ησtνaν and −2ησφνaν contribute to temporal
and azimuthal components of the Navier-Stokes equation. Then, using (22), (23) and (24) lead to,
2ηsr
[
Mr(r − 3M) sin4 θ − s2(1− 2M/r)2(r − 3M sin2 θ)]
sin θ
√
r − 2M (r3 sin2 θ + s2(2M − r))5/2 = 0 (25)
Then at the equatorial plane, (25) reduces to,
(r − 3M)
[
Mr − s2
(
1− 2M
r
)2]
= 0 (26)
consisting of the root s =
r
√
Mr
(r − 2M) ≡ lk which is the Keplarian angular momentum. To proceed,
let the coefficients η, κ2 act as perturbations in the system so that they are expressed as,
η = λm1, κ2 = λm2 (27)
where m1, m2 are constant input parameters and eventually we put λ = 1. Substitution of the
metric (12) together with (16) and (27) in (19) gives rise to four components of Navier-Stokes
equation in terms of two unknown variables namely p(1)(r, θ) and e(1)(r, θ) and specific angular
momentum distribution l(r, θ). For l(r, θ) = s, the temporal and azimuthal components gives
rise to (25) while the corrections terms p(1) and e(1) are determined from radial and angular
components of (19). Furthermore if there exists an equation of state (eos) relating p(1) and e(1)
then the undetermined variable from the Navier-Stokes equation reduces to determining p(1). Let
us suppose that the viscous fluid satisfies a barotropic equation of state. Expanding the equation
of state up to linear order in λ, we obtain,
p(0) + λp(1) = K(e(0) + λe(1))
γ (28)
where K is constant and γ are constant polytropic exponent. The equation of state at the zeroth
order and the first order of λ are respectively,
p(0) = Ke
γ
(0) (ideal fluid eos) (29)
p(1) = γKe
γ−1
(0) e(1) (30)
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The linear order energy density correction can then be determined by inverting (30) as follows,,
e(1) =
p(1)
γKeγ−1(0)
(31)
In the rest of discussion we will set the mass of the black hole M = 1 and also put K = 1. Then
the radial component of (19) in terms of m1, m2 and τ2 up to linear order in λ is,
(τ2m1)s
2(r − 3)
2r2
(
r3 sin2 θ + s2(2− r))3 [r3 cos 4θ(10r − 21) + cos 2θ {4r3(2r2 − 14r + 21)− 8s2(r − 3)(r − 2)}
− r3(2r − 7)(4r − 9)− 8s2(r − 2)(r2 − 3r + 3)]
+m2
3r6 + r6 cos 4θ + 2r3 cos 2θ
{
s2(r − 2)(5r − 14)− 2r3}− 2r3s2(r − 2)(5r − 14)− 4s4(r − 2)3
4r5
(
r3 sin2 θ + s2(2− r))2
−
{
r3 sin2 θ − s2(2− r)2}(γK + e1−γ(0) )
γKr2
(
r3 sin2 θ + s2(2− r)) p(1) + (r − 2)r ∂p(1)∂r = 0 (32)
and similarly the angular part becomes,
τ2m1
4s2 cot θ
{
r3(4r − 9) sin2 θ + (r − 2) (2s2(4r − 9)− rs2(r − 2) csc2 θ − 2r4)}
r2
(
r3 sin2 θ + s2(2− r))3
+m2
2s2(r − 2) cot θ (2r3 sin2 θ + s2(r − 2))
r3
(
r3 sin2 θ + s2(2− r))2 −
(r − 2)s2 cot θ
(
γK + e1−γ(0)
)
γK
(
r3 sin2 θ + s2(2− r)) p(1) + ∂p(1)∂θ = 0
(33)
The lowest order of perturbation which corresponds to the no-viscosity scenario, the energy density
and pressure of the fluid match to that of the ideal fluid and these quantities can be expressed
in terms of the total potential W (r, θ) (in the Newtonian limit) and specific angular momentum
distribution l(r, θ) as follows,
e(0) =
[
(γ − 1)
γ
(eWin−W (r,θ) − 1)
K
] 1
γ−1
, p(0) = K
[
(γ − 1)
γ
(eWin−W (r,θ) − 1)
K
] γ
γ−1
(34)
with the boundary condition defined to be Win → 0 as r → ∞. From (6), the equipotential for
constant l is given by W (r, θ) = W(Sch)(r, θ). The linear correction to fluid pressure p(1) due to
viscosity is obtained by eliminating p(1) from (33) and then substituting back in (32) which gives
13
rise to a first order partial differential equation in p(1) as follows,
2(τ2m1) cot θ
[
r6(4r − 9) cos 6θ + 2r6(4r(3r − 11) + 45) + 32s4(r − 2)2(r − 3)(2r − 3)
− cos 2θ {r6(4r(8r − 31) + 135)− 16r3s2(r − 2)(7r2 − 28r + 27) + 32s4(r − 2)2(3r2 − 11r + 9)}
+ 2r3 cos 4θ
{
r3(4r2 − 20r + 27)− 2s2(r − 2) (6r2 − 26r + 27)}− 4r3s2(r − 2) (22r2 − 86r + 81)]
+
(
r3 cos 2θ − r3 + 2(r − 2)s2)3 [2r(r − 2)2 cot θ∂p(1)
∂r
−
(
r3 cos 2θ − r3 + 2s2(r − 2)2)
s2
∂p(1)
∂θ
]
+ 3(m2)(r − 2) cot θ
[
r6 cos 6θ − 6r3 cos 4θ (r3 − s2(r − 2)2)+ cos 2θ {15r6 − 24r3s2(r − 2)2
+ 16s4(r − 3)(r − 2)2}+ 2{9r3s2(r − 2)2 − 8s4(r − 3)(r − 2)2 − 8rs6(1− 2/r)4 − 5r6}] = 0
(35)
In terms of gtt the above equation becomes ,
2(τ2m1) cot θ
[
r2 cos 6θ(4gtt + 1) + 2r
2
{
12r2g2tt − 4rgtt + 5
}− 32s4g2tt(1r + gtt
)(
1
r
− 2gtt
)
− cos 2θ
{
r2(32r2g2tt − 4rgtt + 15) + 16s2gtt(7r2g2tt − 1) +
32
r2
s4g2tt(3r
2g2tt + rgtt + 1)
}
+ 2 cos 4θ
{
r2(4r2g2tt + 4rgtt + 3) + 2s
2gtt(6r
2g2tt + 2rgtt − 1)
}
+ 4s2gtt(22r
2g2tt − 2rgtt − 3)
]
+ (r2 cos 2θ − r2 − 2gtts2)3
[
2 cot θ g2tt
∂p(1)
∂r
− (r
2 cos 2θ − r2 − 2rs2g2tt)
s2
∂p(1)
∂θ
]
− 3m2gtt cot θ
[
r3 cos 6θ − 6r2 cos 4θ (r − s2g2tt)+ cos 2θ {15r3 − 24r2s2g2tt − 16s4g2tt(gtt + 1/r)}
+ 2
{
−9s2r2gtt + 8s2g2tt(gtt + 1/r)− 8g4tt
s6
r2
− 5r3
}]
= 0 (36)
B. Numerical results and impact of shear viscosity on the shape of the disk
The pressure correction equation (35) is numerically solved for p(1) for constant specific angular
momentum and under the consideration that at a sufficiently large distance away from the horizon
of the Schwarzschild black hole, the effects of viscosity are vanishingly small and hence can be
neglected. The coefficients η, κ2 and τ2 may in principle be functions of fluid presure but for
simplicity are taken constants in our analysis. Here τ2 behaves as the relaxation time coefficient in
the same spirit of IS formalism preserving causality of the relativistic Navier-Stokes equation and
in the present case does not possess perturbative character.
Mostly relevant for study concerning astrophysical black holes, the value of the ploytropic index is
taken to be γ = 5/3 with K = 1 and τ2 = 0.2. The effects of viscosity and curvature on the thick
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accretion disk are then estimated by comparing the profiles of constant pressure surfaces of the
perfect fluid and that of the constant pressure surfaces arising due to viscous fluid characterised by
small values of η(= m1) and κ2(= m2). A comparison of pressure plots between the perfect fluid
given by p(0) and that of viscous fluid specified by p(0) + p(1) for two different values of specific
angular momentum namely lms < s = 3.8 < lmb and s = lmb = 4 with 4Win > 0 are depicted
in FIG.1 and FIG.2 where lms = 3.67 and lmb = 4 are the values of specific angular momentum
corresponding to last stable (marginally) orbit and last bound orbit respectively of the Schwarschild
black hole. In every set of the plot for a given value of s, we concentrate on same set of fluid profiles
to determine the changes induced as a consequence of introducing viscosity and curvature through
the correction p(1). It can be seen that the for s = 3.8, cusps appear as a result of viscosity.
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FIG. 1: Comparison of constant pressure surfaces of ideal fluid (m1 = m2 = 0) and viscous fluid
for lms < s = 3.8 < lmb.
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FIG. 2: Comparison of constant pressure surfaces of ideal fluid (m1 = m2 = 0) and viscous fluid
for s = 4.
C. Integrability condition of general relativistic causal Navier-Stokes equation
In order to address the integrability condition of the relativistic Navier-Stokes equation for a
viscous fluid, we will follow the similar procedure which is adopted for studying the existence of
the condition with an ideal fluid. The symmetry of the spacetime governs all flow parameters
including the fluid pressure and hence the energy density to be functions of r and θ only, on the
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other hand, the coefficients η, κ2 and τ2 appearing in the shear viscosity tensor may in principle be
functions of fluid pressure and further related to energy density. Hence in this generalized scenario,
the coefficients become η ≡ η(p), κ2 ≡ κ2(p) and τ2 ≡ τ2(p) and become eventually functions of
radial and angular co-ordinates. So, the integrability condition for the general relativistic causal
Navier-Stokes equation (19) may be determined by fulfilling the following condition,
∂r∂θp = ∂θ∂rp (37)
which is also known as compatibility condition similar to the ideal fluid case.
Additionally due to the symmetry of the spacetime we find that 4µρ∇ρp = ∂µp so that the radial
and angular components of (19) may be written as,
∂rp = (e+ p)ar + pirαa
α +4rγ4τκ∇τpiγκ = R(r, θ) (38)
∂θp = (e+ p)aθ + piθαa
α +4θγ4τκ∇τpiγκ = Q(r, θ) (39)
where piµν =
[−2η(p)σµν − τ2(p)<D(−2η(p)σµν)> + κ2(p)uαuβRα<µν>β] is the viscosity tensor
and the four-acceleration is given by ai =
[
∂i ln |ut| − Ω
1− Ωl ∂il
]
with i = r, θ. Here p and e
depict the total fluid pressure and the total energy density involving the ideal fluid part and the
viscous corrections. So (37) suggests that,
∂θR(r, θ) = ∂rQ(r, θ) (40)
⇒ ∂θ {(e+ p)ar}+ ∂θ {pirαaα +4rγ4τκ∇τpiγκ} = ∂r {(e+ p)aθ}+ ∂r {piθαaα +4θγ4τκ∇τpiγκ}
(41)
As a result (41) reduces to,
∂θR(r, θ) = ∂θ {(e+ p)ar}+
[−2∂θ {η(p)σrα} − 2∂θ {τ2(p)<D(η(p)grµ gανσµν)>}
+ ∂θ
{
κ2(p)uαuβgrµgανR
α<µν>β
}]
aα + pirα∂θa
α (42)
and ∂rQ(r, θ) = ∂r {(e+ p)aθ}+
[−2∂r {η(p)σθα} − 2∂r {τ2(p)<D(η(p)gθµ gανσµν)>}
+ ∂r
{
κ2(p)uαuβgθµgανR
α<µν>β
}]
aα + piθα∂ra
α (43)
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Since we have obtained the solution of the fluid pressure correction by taking the coefficients η, τ2
and κ2 as constants independent of functional dependences on radial and angular co-ordinates with
constant angular momentum distribution, we stick to same assumptions for checking the intergra-
bility condition in the viscous case. Therefore in order to determine the validity of integrability
condition, we plot the ∂r∂θp = ∂θ∂rp togather with (42) and (43) for the value of constant angular
momemtum s = 3.8 for two different values of η and κ2. The validity of (37) is independent of
choice of 4Win.
FIG. 3:
IV. DISCUSSIONS AND OUTLOOK
The present work is devoted to understanding the impact of shear viscosity on the structure
of relativistic geometrically thick accretion disks in the Schwarzschild geometry by investigating
stationary solutions of the general relativistic causal Navier-Stokes equation. As the present study
involves first ever step towards comprehending the role of viscosity in a thick disk, we concentrate
ourselves on obtaining stationary solutions of the fluid flow undergoing circular orbits around the
Schwarzschild black hole in order to be able to compare our results with ideal fluid thick disks.
So any fluid velocity perturbations as well as radial component of fluid four-velocity have been
discarded. Consequently due to the symmetry of the spacetime all flow parameters have remained
time independent in our analysis. The advantages of the approach adopted in the present work are
(a) the causal theory of relativistic viscous hydrodynamics provides a scope for studying relativistic
theory of stationary solutions of a viscous thick disk, (b) presence of additional curvature term in
the shear viscosity tensor allows us to examine how curvature effects of the central black hole might
have any influence on the shape of the thick disk. Thus in contrary to traditional approaches, the
curvature of the black hole, in our approach, has a direct influence on the motion of the fluid in a
thick disk giving rise to different shapes of a thick disk in different external geometries of a central
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black hole. As an initial step, we have taken the Schwarschild black hole in the present study.
As a starting point for investigating structure of the thick disk in presence of viscosity, we have
completely ignored any emergence of turbulence in the fluid and adopted several simplifying as-
sumptions to capture the essence of viscosity by visualizing its effects as corrections to the ideal
fluid configuration of the disk. The idea is that viscosity instils perturbative effects in the fluid
pressure and hence in the energy density without giving rise to radial velocity, other velocity per-
turbations and heat flow in the fluid. Thus we assume that the circular orbits are still allowed in
this scenario and the causal Navier-Stokes equation are studied up to leading order in perturbation.
The zeroth order in perturbation corresponds to the disk described by the ideal fluid, whereas the
shear viscosity with all constant coefficients in our case constitutes the linear order of perturba-
tion. To incorporate the causal prescription suggested in IS formalism, the term 2τ<2 Dησ
µν > in
the relativistic Navier-Stokes equation is considered in addition to the curvature terms so as to
probe their impacts on the structure of the thick disk. Moreover the bulk viscosity does not play
any role in our study. By employing a barotropic equation of state for the viscous fluid, the causal
Navier-Stokes equation is numerically solved to determine the presure corrections p(1) under the
assumption that τ2 is substantially large compared to η, κ2, while both η, κ2 act as perturbations.
We note here that p(1) vanishes if each of the coefficients individually vanish and in that case the
disk is characterised by an ideal fluid. The influence of viscosity and the curvature on a thick disk is
investigated by comparing the constant pressure surfaces characterized by ideal fluid pressure p(0)
with same set of constant pressure surfaces described by p(0) + p(1) for s = 3.8 and s = 4 with con-
stant values of η and κ2 and τ2. For the value of specific angular momentum lms < s = 3.8 < lmb,
we showed that in comparison to the ideal fluid, in presence of viscosity and curvature, one can
obtain cusps or self intersection of the pressure surfaces for which the constant pressure surfaces
of the ideal fluid do not self-intersect. The formation of cusps of constant pressure surfaces at
locations different from those predicted with the ideal fluid is a direct consequence of viscosity
and curvature of the Schwarschild spacetime. This behaviour can be seen in figure 1 where the
comparison has been performed with different values of η and κ2. An important aspect of our
study is that the causal prescription of the Navier-Stokes equation is an ubiquitous requirement
for constructing the viscous relativistic thick disk. On the other hand as shown in the Fig. 1, it is
possible to construct the relativistic disk with the help of curvature terms which would behave as
shear viscosity in the fliud. We worked with s = lmb = 4 and observed disappearence of constant
pressure surfaces for large values of η ≈ 0.05 independent of the values of κ2.
The validity of the integrability condition is checked in the present work by assuming all coeffi-
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cients namely η, τ2, and κ2 as constants. It can be seen from (38) and (39) that without the causal
prescription and under the assumption of circular orbits, the shear viscosity term −2ησµν does
not alter the integrabilty condition (40) resulting into vanishing of pressure and energy density
corrections. This is also corroborated by the pressure plots in figure 1 and figure 2 with s = 3.8
and s = 4.0 where it can be observed that the fluid pressure correction p(1) cannot be expressed
only in terms of η independently of relaxation time coefficient τ2 hence the causal prescription is
essential for the construction of a disk with circular fluid flow in addition to curvature effects. The
integrability condition of general relativistic Navier-Stokes eqution is checked for different values
of η and κ2 with constant specific angular momentum distribution and the violation occurs of the
order of ηκ2 i,e. of the order of second order in perturbation. This is acceptable in present context
as we obtain solutions by working up to linear order of perturbation. In the following, we briefly
mention immediate extentions of the present work which includes study of the shapes of the viscous
thick disk with non-constant angular momentum distributions. In presence of voscosity, this work
can also be extended in the rotating background, for example in the context of Kerr black hole,
for studying stationary solutions with constant/non-constant specific angular momentum distri-
butions. The obtained results can then be utilized for examining cumulative effects of viscosity,
curvature and spin of the Kerr black hole on the shape of the disk. Since the present work is
the first step towards understanding the role of viscosity in a thick disk, we have imposed several
simplified assuptions. A more generalized scenario, worthwhile to study, would be to include heat
flow, velocity perturbations and a non-zero radial velocity giving rise to perturbations in pressure
and energy densities. We currently leave these issues for future investigations.
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